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We present extensive large-scale dynamical simulations of phase-separated states in the double
exchange model. These inhomogeneous electronic states that play a crucial role in the colossal
magnetoresistance phenomenon are composed of ferromagnetic metallic clusters embedded in an
antiferromagnetic insulating matrix. We compute the dynamical structure factor of these nanoscale
textures using an efficient real-space formulation of coupled spin and electron dynamics. Dynamical
signatures of the various underlying magnetic structures are identified. At small hole doping, the
structure factor exhibits a dominating signal of magnons from the background Ne´el order and local-
ized modes from magnetic polarons. A low-energy continuum due to large-size ferromagnetic clusters
emerges at higher doping levels. Implications for experiments on magnetoresistive manganites are
discussed.
Phase separation is ubiquitous in systems dominated
by nonlinear and nonequilibrium processes [1, 2]. In par-
ticular, it has been observed in the intermediate state
of numerous first-order phase transitions [3]. Nanoscale
phase separation also underpins many of the intrigu-
ing functionalities of strongly correlated electron materi-
als [4–9]. A prominent example is the colossal magnetore-
sistance (CMR) observed in several manganese oxides [7–
11], in which a small change in magnetic field induces an
enormous variation of resistance. Detailed microscopic
studies have revealed complex nano-scale textures con-
sisting of metallic ferromagnetic clusters embedded in an
insulating matrix [12–14]. It is believed that CMR arises
from a field-induced percolating transition of the metallic
nano-clusters in such mixed-phase states [15–17].
Considerable experimental and theoretical effort has
been devoted to understanding the origin of these com-
plex mesoscopic textures in manganites and other corre-
lated systems. An emerging picture is that such inho-
mogeneous states result from the competition between
two distinct electronic phases with nearly degenerate
energies [9, 10]. Microscopically, the double-exchange
model [18, 19] is considered a major mechanism for the
electronic phase separation. It describes itinerant elec-
trons interacting with local magnetic moments through
the Hund’s rule coupling. Since electrons can gain kinetic
energy when propagating in a sea of parallel spins, an in-
stability occurs when ferromagnetic domains favored by
doped carriers compete with the background antiferro-
magnetic order. The tendency toward phase separation is
further enhanced by factors such as long-range Coulomb
interaction, quenched disorder, and coupling to orbital,
and lattice degrees of freedom [10].
The magnetization dynamics of the hole-doped man-
ganites L1−xAxMnO3, where L is a trivalent lanthanide
ion and A is a divalent alkaline earth ion, has also been
extensively studied experimentally [20–25]. The major-
ity of the investigations focused on the ferromagnetic
phase with optimal hole doping, which is also the regime
exhibiting pronounced CMR effect. While the spin-
wave spectrum of some ferromagnetic manganites such
as La1−xSrxMnO3 seems well described by the double-
exchange model [26, 27], intriguing unconventional mag-
netic behaviors have also been reported. For example,
the spin wave dispersion of manganites with a lower crit-
ical temperature is significantly softened near the Bril-
louin zone boundary. Moreover, the magnon excitations
close to zone boundary also exhibit an enhanced broaden-
ing. Theoretically, the anomalous spin-wave excitations
have been attributed to a host of diverse mechanisms in-
cluding higher-order effects of spin-charge coupling [28–
30], magnon-phonon interaction [31, 32], orbital fluctua-
tions [33], and disorder effect [34].
Despite extensive studies on the spin-wave excitations
of the ferromagnetic regime, the spin dynamics of the
phase-separated states has received much less atten-
tion. From the theoretical viewpoint, the lack of trans-
lation invariance in a mixed-phase state renders most
momentum-based techniques inapplicable. In this paper,
we present the first large-scale dynamical simulations of
the phase-separated states in the single-band double ex-
change model based on an efficient real-space method
for the evolution of the electrons and spins. The dy-
namical structure factor of these highly inhomogeneous
states are computed via the space-time Fourier trans-
form of the spin trajectories. Dynamical signatures of
the magnetic polarons and ferromagnetic metallic clus-
ters are also identified. In particular, an abundance of
low-energy magnons is found to arise from the metallic
clusters.
We start with the single-band double-exchange (DE)
model on a square lattice,
H = −t
∑
〈ij〉
(
c†iαcjα + h.c.
)
− J
∑
i
Si · c†iασαβciβ , (1)
where repeated indices α, β imply summation. The first
term describes the electron hopping: c†iα creates an elec-
tron with spin α =↑, ↓ at site i, 〈ij〉 indicates the nearest
neighbors, t is the electron hopping constant. The sec-
ond term represents the Hund’s rule coupling between
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FIG. 1: Upper panels: density plots of the on-site electron number n(ri) = 〈c†i,αci,α〉 in sample phase-separated states for
filling fractions (a) f = 0.43, (b) f = 0.45, (c) f = 0.465, (d) f = 0.48, (e) f = 0.498, obtained from Langevin dynamics
simulations on a 60 × 60 lattice with Hund’s coupling J = 6t and temperature T = 5 × 10−4t. The corresponding dynamical
structure factors S(q, ω) averaged over tens of independent initial states are shown in the lower panels. The high-symmetry
points of the Brillouin zone are Γ = (0, 0), X = (pi, 0),M = (pi, pi).
electron spin and the local magnetic moments Si, which
are assumed to be classical spins of length S = 1. The
square-lattice DE model has been extensively studied
theoretically [35–37]. Exactly at half-filling, the local
spins develop a long-range Ne´el order in the T = 0
insulating ground state. When the electron density is
small, on the other hand, a metallic state with predom-
inantly ferromagnetic (FM) spin correlation emerges as
the ground state. Near half-filling with a small hole dop-
ing, the FM metal becomes unstable against either a non-
collinear magnetic spiral or phase separation [35–38] de-
pending on the strength of the Hund’s coupling J .
In the large-J regime, the instability of the FM phase
leads to phase separation with FM domains coexisting
with a Ne´el background. Such mixed-phase state has
been observed in Monte Carlo simulations [35]. Because
of the nonlocal electronic degrees of freedom, large-scale
equilibrium simulation of the DE model requires efficient
algorithms for solving the tight-binding Hamiltonian.
The linear-scaling kernel polynomial method (KPM) is
usually used to solve the electronic structure problem in
simulations of DE model [39–41]. Here we adopt an effi-
cient Langevin dynamics method combined with a gradi-
ent extension of the KPM [42–44] to obtain equilibrium
phase-separated states. A few examples of such mixed-
phase states on a 60× 60 square lattice are shown in the
upper panels of Fig. 1. The red region corresponds to
the half-filled insulating background with the antiferro-
magnetic order, while the green and blue regions indicate
metallic FM domains with low electron density. Interest-
ingly, in addition to forming the FM puddles, a fraction
of the doped holes are self-trapped in a composite ob-
ject which can be viewed as the magnetic analog of the
polaron [45–48].
To describe the dynamics of the DE system, one needs
to account for the time evolution of both the local spins
and the electrons. Here we assume the dynamics of local
moments is governed by the Landau-Lifshitz equation
dSi
dt
= −Si × ∂〈H〉
∂Si
= JSi × σαβ ρiβ,iα, (2)
where ρiα,jβ ≡ 〈c†jβ ciα〉 is the reduced single-particle
electron density matrix. Importantly, the effective local
field hi(t) = −∂〈H〉/∂Si depends on the electron degrees
of freedom which have to be propagated simultaneously.
The evolution of the electronic state is given by a time-
dependent Slater determinant |Ψ(t)〉 = ∏Nem=1 ψ†m(t)|0〉,
where the quasi-particle field operator satisfies the
Heisenberg equation ∂ψm/∂t = i[H(t), ψm(t)]. This ap-
proach has been employed to study the photo-induced
dynamics of DE system in recent works [49, 50]. How-
ever, the propagation of the Slater determinant is rather
cumbersome numerically.
Instead of evolving the many-body wavefunction, one
could equally describe the electron dynamics in terms
of the reduced density matrix. An additional advantage
with this formulation is that it can be straightforwardly
generalized to finite-temperature simulations, which are
beyond the description of a single Slater determinant. To
this end, we define a time-dependent “first-quantization”
Hamiltonian Hiα,jβ(t) = −tijδαβ − J δij Si(t) · σαβ .
The DE model in Eq. (1) can then be expressed as
Hˆ = ∑i,j∑α,β Hiα,jβ cˆ†iαcˆjβ . In terms of H, the re-
duced density matrix satisfies the von Neumann equation
3dρ/dt = i[ρ,H], or explicitly:
dρiα,jβ
dt
= i(tik ρkα,jβ − ρiα,kβ tkj) (3)
+ iJ(Si · σαγ ρiγ,jβ − ρiα,jγ σγβ · Sj).
It can be readily verified that the total energy of the sys-
tem E = 〈H〉 = Tr(ρH) is a constant of motion. The nu-
merical efficiency of integrating the von Neumann equa-
tion can be improved with optimized sparse-matrix mul-
tiplication algorithms. A similar formulation has been
developed for the semiclassical dynamics of spin density
waves in the Hubbard model [51].
In our dynamical simulations, the initial state is pre-
pared using the Langevin simulations at a tempera-
ture of T = 5 × 10−4 t. A fourth-order Runge-Kutta
method is used to integrate the coupled equations of mo-
tions. Given the numerical spin trajectories Si(t), the
dynamical structure factor S(q, ω) is computed from the
space-time Fourier transform of the correlation function
C(rij , t) = 〈Si(t) · Sj(0)〉. Importantly, the dynamical
simulation here is completely deterministic and energy-
conserving. The symbol 〈· · · 〉 denotes ensemble average
over independent initial states at the same temperature.
The lower panels of Fig. 1 show the S(q, ω) of phase-
separated states with five different electron filling frac-
tions; each is averaged over 50 distinct initial states.
Since the Ne´el order parameter, characterized by the
wavevector Q = (pi, pi) at the M -point, is not a conserved
quantity, the fluctuations of the associated Fourier com-
ponent S˜(Q, t) ≡∑i Si(t) eiQ·ri produce a huge artifact
in the raw data of the dynamical structure factor. In-
terestingly, we found that the drifting of this Goldstone
mode of finite lattices exhibits a 1/ω power-law behavior,
extending to very high energies. This observation thus
allows us to systematically remove the large artificial sig-
nal in the vicinity of the M -point. The S(q, ω) shown in
Fig. 1 were obtained after this subtraction.
The dynamical structure factor in the vicinity of half-
filling is dominated by the background antiferromagentic
spin-wave excitations, as shown in Fig. 1(e). The pro-
nounced signals around the M -point correspond to the
Goldstone modes of the underlying Ne´el order. As men-
tioned above, the doped holes in this regime are localized
by the self-induced potential in a magnetic polaron. Nu-
merically, each polaron is found to accommodate nearly
exactly one hole. To understand the nature of the as-
sociated spin excitations, we focus on the dynamics of a
single magnetic polaron. We first perform relaxational
dynamics on a perturbed half-filled Ne´el state (by flip-
ping a center spin) with exactly one electron removed
to obtain the initial states. From the spin dynamics,
we compute the power spectrum I(ω) ≡ ∑i∈C |S˜i(ω)|2,
where S˜i(ω) =
∫
Si(t)e
−iωtdt and the summation is over
five spins at the center of the polaron. The computed
spectrum, shown in Fig. 2(a), is characterized by promi-
nent peaks at, e.g. ω/t = 0.05, 0.25, 0.49, corresponding
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FIG. 2: The power spectrum I(ω) =
∑
i∈C |S˜i(ω)|2 of (a) a
magnetic polaron and (b) a FM metallic cluster consisting of
roughly 20 spins. Here the sum runs over spins in the FM
domain of these object. The inset shows the electron density
plot n(ri) = 〈c†iαciα〉. With a large Hund’s coupling J = 6t,
the size of the magnetic polaron is rather small, with a radius
of roughly three lattice constants.
to eigen-energies of the spin-wave excitations localized
at the magnetic polaron. Importantly, these localized
magnons contribute to the flat bands seen in the S(q, ω).
With increasing hole doping, the antiferromagnetic
spin-wave dispersion is still visible, yet with gradually
reduced strength. Some of the flat-bands due to mag-
netic polarons also persist. An intriguing new feature
is the emergence of a continuum of low-energy magnons
throughout the whole Brillouin zone. It is tempting to
associate this continuum with the metallic FM clusters
whose size also grows with increasing hole doping; see
Fig. 1. To this end, we examine the spectrum of metallic
clusters of varying shapes and sizes. Similar to the prepa-
ration of the magnetic polaron, we manually create such
structures by carefully tuning the hole doping with the
cluster size. Fig. 2(b) shows the I(ω) of a sample cluster
consisting of roughly 20 spins. A few pronounced peaks,
corresponding to the dominant quantized magnons, can
be seen in the spectrum. While the intensity and position
of these peaks depend on the geometric details of the FM
clusters, a common feature of the cluster spectrum is the
appearance of numerous low energy modes.
To further investigate the nature of these low-energy
magnons, we compare their spatial profile F(r) with the
corresponding electron density plot n(r) for a particu-
lar initial state, as demonstrated in Fig. 3 for two elec-
tron filling fractions. Here the magnon profile function
is defined as the integral of the spin Fourier components
F(ri) =
∫ ω2
ω1
|S˜i(ω)|2 dω, over a finite band [ω1, ω2] of
small energies. In the case of electron filling n = 0.465,
where the system is spontaneously segregated into FM
domains of various sizes in an AFM background, the
dominant spin excitations in this energy range are from
the FM clusters of the doped holes; see Fig. 3(a) and (c).
For even smaller hole doping with f = 0.498, the in-
4(a) (b)
(c) (d)
FIG. 3: Top panels show the density plot n(ri) = 〈c†iαciα〉
of one particular phase-separated state for filling fractions
(a) f = 0.465 and (b) f = 0.498. The simulated system
size is 60 × 60. The corresponding spatial profile of spin ex-
citations F(ri) =
∫ ω2
ω1
|S˜i(ω)|2 dω is shown in panels (c) and
(d), respectively, where ω1 = 0.006283 and ω2 = 0.09425.
tensity plot of F(r) exhibits a complex long-wavelength
pattern of the Ne´el background as shown in Fig. 3(d).
Distinctive signals can be seen that are contributed from
the small-size magnetic polarons.
We next examine the spectral distribution of low-
energy spin excitations of the phase-separated states.
Fig. 4(a) shows the log-log plot of the dynamical struc-
ture factor S(q, ω) versus ω at a few selected wavevectors.
Each curve is again obtained after averaging over tens of
different mixed-phase configurations. These distributions
exhibit an abrupt drop above a band-edge Eb ∼ 0.5t,
indicating the absence of magnon density of states at
high energies; see also the density plots in Fig. 1. While
the dynamical structure factor at the three different q’s
shows rather distinct ω dependences at high energies, a
pronounced increase of S(q, ω) at small ω can be seen for
all three wavevectors shown in Fig. 4(a). The overall den-
sity of states (DOS) of the low-energy magnons can be in-
ferred from the spectral function I(ω) = ∑q S(q, ω)/N ,
which is the dynamical structure factor averaged over the
whole Brillouin zone. Fig. 4(b) shows the log-log plots of
the numerical spectral function I(ω) for three different
filling fractions. Interestingly, they show strong similari-
ties with each other, especially with increasing hole dop-
ing. At high energies, one can see a clear band-edge and
a shoulder-like feature. The distribution functions I(ω)
develop a sharp peak at ω → 0, which indicates a signifi-
cant increase in the magnon DOS at small ω. The nearly
linear segments in the log-log plot of Fig. 4(b) suggest
a power-law behavior. It is worth noting that a simi-
lar disorder-induced peak at ω → 0 also appears in the
magnon DOS in different localized spin models [52, 53].
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FIG. 4: (a) The dynamical structure factor S(q, ω) versus
ω at a few selected wavevectors q for filling fraction f =
0.465. (b) The frequency dependence of the spin excitation
spectrum I(ω) ≡ ∑q S(q, ω)/N integrated over the whole
Brillouin zone, at varying electron filling fractions. The curves
are shifted vertically for clarity. The dashed line shows the
ω−2.1 power-law dependence.
In our case, these low-energy magnons can be viewed
as descending from the zero-energy modes of individual
isolated FM clusters. These zero modes acquire a finite
energy through coupling to the Ne´el background. For
short-range spin-spin interactions, this energy shift of the
zero modes is expected to scale as the circumference of
the FM cluster. Since the electron-mediated spin inter-
actions are long-ranged, the energy shift might scale dif-
ferently. For simplicity, we assume a power-law relation
ω ∼ s1/∆ between the acquired energy ω of the zero mode
and the size s of the FM puddle. For example, ∆ = 2 cor-
responds to the case ω ∼ `, where ` is the linear cluster
size. The density of states ρ(ω) is then related to the dis-
tribution of s through ρ(ω) ∼ n(s)ω∆−1. In the vicinity
of the cluster percolation transition, one has a power-law
distribution n(s) ∼ 1/sτ for large clusters; here τ is the
Fisher’s exponent [54]. This in turns indicates a power-
law DOS ρ(ω) ∼ 1/ω∆ (τ−1)+1. Numerically, we find that
∆ is very close to 1 [55].
To summarize, we have presented an efficient numeri-
cal framework for the real-space dynamical simulation of
the double-exchange model. Focusing on the regime with
small hole doping, we compute, for the first time, the
dynamical structure factor of the electronically phase-
separated states. In the vicinity of half-filling, we find dis-
tinct flat bands that originate from the quantized modes
of small-size magnetic polarons. With increasing dop-
ing, a low-energy magnon continuum emerges that is
attributed to the quasi-zero-modes of large-size metal-
lic FM clusters. Such abundance of low-energy magnons
has been observed in recent neutron-scattering measure-
ment of ferromagnetic manganites La0.7Ca0.3MnO3 close
to optimal doping [25]. We have also observed the co-
existence of FM and AFM magnons in the dynamical
structure factor with larger hole doping, a result consis-
5tent with experiment that shows the coexistence of both
spin correlations [56].
While several mechanisms have been proposed to ex-
plain the unusual softening and broadening of spin-waves
in some manganites, recent experiment [25] highlighted
the possibility that this anomalous behavior could be
simply caused by the electronic phase separation. With
our efficient formulation, it is desirable to quantitatively
study the FM magnons in the mixed-phase state, which
will be left for future study. Our work also opens a new
avenue for dynamical simulations of electronic inhomo-
geneous states in other systems.
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